
H Y P E R S O N I C  B O U N D A R Y - L A Y E R  F L O W  W I T H  

M A S S  T R A N S F E R  ON P O W E R - L A W  B O D I E S  

G .  N .  D u d i n  UDC 532.526+533.6.011.55-3 

1. The need to inves t igate  flow with m a s s  t r a n s f e r  a r i s e s  f rom the g r e a t  influence of such flow on the 
ae rodynamic  c h a r a c t e r i s t i c s  of  a vehic le ,  and on heat  t r a n s f e r  with the env i ronment .  F o r  example ,  forced 
blowing is an ef fec t ive  method of reducing convect ive  and rad ia t ive  heat t r a n s f e r  to an exposed su r face .  Mass  
t r a n s f e r  can subs tan t ia l ly  a l t e r  the effect ive shape of a body,  and influence both boundary  l aye r  separa t ion  
and the fo rmat ion  of s econda ry  flows. 

The invest igat ion of m a s s  t r a n s f e r  has  been the subject  of a l a rge  number  of expe r imen ta l  and t h e o r e t -  
i ca l  s tudies .  R e f e r e n c e  [1], e.g. ,  has  rev iewed  invest igat ion of the influence of  forced blowing and suction on 
the c h a r a c t e r i s t i c s  of  the two-d imens iona l  s t eady  boundary  l aye r  on a p e r m e a b l e  su r face .  An espec ia l ly  r e l -  
evant  a spec t  at  p r e s e n t  is invest igat ion of the influence of m a s s  t r a n s f e r  on the t h r e e - d i m e n s i o n a l  flow of a 
v i scous  gas  at hyperson ic  flight speeds  [2, 3]. 

The p r e s e n t  p a p e r  examines  s y m m e t r i c  flow of a hyperson ic  v i scous  gas  over  a s lender  power - l aw  body 
with m a s s  t r a n s f e r .  The coordinate  s y s t e m  is r e c t a n g u l a r  (Fig. 1). The x ~ axis  is al igned along the veloci ty  
vec to r  of the incident flow U ~  The quant i t ies  u ~ v ~ w ~ a r e  components  of the ve loc i ty  vec to r  in the bound- 
a r y  l aye r ,  a long the axes  x ~ y0, z 0, r e spec t ive ly .  On the body su r f ace  v ~ = F~ ~ z~ The  body shape is 
given by the equation y0 = 50w(X0 z 0). Taking into account  that  the flow cons idered  is that  ove r  a s lender  body, 

we can int roduce v a r i a b l e s  [4], f ixedon the body su r face ,  y ,  = y0 _ 5w(X0 0, z0), v ,  = v ~ u~ ~ -w~176176 

In acco rdance  with the usual  e s t ima te  for  the boundary  l a y e r  in hyperson ic  flow [5], we introduce the d imen-  
s ion less  v a r i a b l e s  

,.o .=: Lx. ~1, = L&/, z ~ : Lzoz. po = O~T~-p, 

(~.o = U~,~. 2, po p~L g'c-p, u a = U~zz, w ~ Uoow, 

- r U0 I.l(}~l., F a / 'r , "~-1  �9 

6',:. = LTb,,., C = L55~, ~ = T-~z~"q~e -~,'2, 

( l . i) 

where  z 0 is the s t re tch ing  which d e s c r i b e s  the ra t io  of the body d imens ions  in the t r a n s v e r s e  and longitudinal 
d i rec t ions;  v, c h a r a c t e r i s t i c  wing th ickness ;  5~ boundary  l ayer  d i sp lacement  th ickness;  Re  = p , U ~ L / # 0 ,  
Reynolds  number ;  p~ ,  gas  densi ty  in the unper tu rbed  s t r e a m ;  /~0, v i scos i ty ,  evaluated at the s tagnat ion t e m -  
p e r a t u r e  in the incident flow; L, c h a r a c t e r i s t i c  longitudinal d imension,  which e m e r g e s  f rom the final r e su l t  
in the s i m i l a r i t y  case ;  and gO stagnat ion enthalpy.  

Substitution of the v a r i a b l e s  of  Eq. (1.1) into the N a v i e r - S t o k e s  equations and going to the l imi t  Re -~ 
leads to the equations of the t h r e e - d i m e n s i o n a l  boundary l aye r  having the fo rm,  in Dorodni tsyn va r i ab le s ,  

&t Ou. , 8r~ ap , 8 [o,.~ :)~Lt 
ZoU ~ -7 Vo ~ --  w ~ = - -  :o. 

8u, , &v 8,~, ' O,~ . 8 [ 8w\ 
z o u a x  - ~ C ~ : o ~ - C  w ~  . . . .  4 - c - 8 s  8~ , /  p oz 

-f  vo ~ 7 & ' eX i' ' [ ~- & 

. , 2 7  P ~ ( , V - -  u = - -  w - )  , 8u ~ 8% & v = =  O. o - ~  . .,, ~ o 

":) o ~  �9 ~;', ' o :  ' ~ : - -  i g _ , ,~  _ ,~,- ( 1 . 2 )  

7 - - 1  ~ = ~ , !  (Z - -  ~= - -  w ~) d ) .  
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Fig. 1 

Y 

Z = J" pdy, v o = pv -]- w ~ + zou-d~, 
0 

w h e r e  q is the  P r a n d t l  n u m b e r .  The b o u n d a r y  condi t ions  take  the f o r m  

u = w = 0 ,  u o = p F  , g = g t v  (~, = 0), u--~ t, w---~0, g-')- t 
(7. ~ c o ) .  

(1o2) 

To eva lua te  the p r e s s u r e  we  use  the ~tangent wedge  ~ app rox ima t ion  [5] in a f o r m  va l id  for  M.~(T + 5) >> 1, 

(1.3) 

w h e r e  X = ~/T is the  in t e rac t ion  p a r a m e t e r ,  d e s c r i b i n g  the  r a t io  of  the bounda ry  l a y e r  d i s p l a c e m e n t  t h i ckness  
t o  the  wing t h i c k n e s s .  

We now c o n s i d e r  flow o v e r  bodies  o f  p o w e r - l a w  shape  Ze = x m ,  8w = X~Aw(Z/Ze), w h e r e  z e is the l e a d -  
ing edge coord ina t e ,  and,  fol lowing [6], we in t roduce  the  fol lowing v a r i a b l e s :  

x = x * ,  z = x m z  *, ~ = x ~  *, g = g * ,  ~ =  p.*, 

p ---- x2(t-lJp *, p = x2(~-l)p *, u = u*, w = w*, u 0 = So"v*, (1.4) 

t$~ = xa-~(z-1)Ae, n = (2l - -  m - -  2)/2, k = (2l 4- m - -  2)/2. 

In  us ing  Eq.  (1.3) to  d e t e r m i n e  the  p r e s s u r e ,  with no m a s s  t r a n s f e r  t h rough  the p e r m e a b l e  s u r f a c e ,  a s  was  
shown in [6], the  i n t e r a c t i on  wil l  be u n i f o r m  o v e r  the  body  and the  b o u n d a r y - v a l u e  p r o b l e m  of  Eqs .  (1.2) and 
(1.3) r e d u c e s  to  a s i m i l a r i t y  p r o b l e m ,  i f  the  p a r a m e t e r s  

m = 1, l = 3/4. (1.5) 

Howeve r ,  with fo r ced  blowing (or suct ion) t h rough  the body s u r f a c e ,  to r e d u c e  the p r o b l e m  to a s i m i l a r i t y  one,  
one m u s t  a l so  i m p o s e  a r e s t r i c t i o n  on the f o r m  of the funct ion F so tha t  v*  a t  the  body s u r f a c e  should be in-  
dependent  of  the  c o o r d i n a t e  x*.  In  tha t  c a s e  we obtain 

F -  x-1/~F*(z*), (1.6) 

In the  new v a r i a b l e s  of  E q s .  (1A) and (1.6), t ak ing  accoun t  of  Eq. (1.5), the  b o u n d a r y - v a l u e  p r o b l e m  of 
Eqs .  (1.2) and (1.3) t a k e s  the  f o r m  

Z z0/~ " u " ]  - -  - -  z0 - -  ( g *  - -  u * ~  - -  (r~v*-  zoz u )~z* , a~.* 27p* 

( - T ' - + Z *  () ; ~,r* OU,' _ _  / / ) , 2 )  dp* '.~ - -  I 2~  ~ ], 
d-~-) + a;., t a;, / 

( ~ * -  z~ ~w* + ( v * 0 ~ ,  - ~:0;*u*~ )~*0~, . . . .  ~ - '* tg  - u*~ ~*~) ~*~, : ~ ' ,  ~v, ~w*~ 

( 1 . 7 )  

(w* - -  ZoZ*U *) ~ .  + v* - -  -~ zd.~u *) o~- ~ = N*  o~.* -5 aZ*' ' 
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(3v* .1- Ow* / Ou* , } .*  Ou*" I 
D~,* ' o= - - ~ -  - z~ ( z* ~ ,  -~ ~ oiy) =o, 

oc 

u  2'~p* 7 -- { = ~ -  ~ (g* - u* - ~ -  ~*~)" ~, ~ :  : ~ j  (g* - . * ~ -  ~o*~) d~*,  
0 

,~, ,' -T~z*)] " 

The boundary  conditions have the fo rm 

u* = w* = 0 ,  v* = p ' F * ,  g* = g ~  ()~* = 0 ) ,  
u*  -*- t ,  w *  --~ O, g*  ~ I ()~* ~ =~). 

(1.7) 

The s y s t e m  of equations obtained is independent of the coordinate  x* and d e s c r i b e s  flow in the t h r e e - d i m e n -  
s ional  boundary  l a y e r  in the plane 1" ,  z*. 

In what follows we a s s u m e  that  the body shape in the t r a n s v e r s e  sect ion is given by the express ion  

-~  = ( t  - -  z * 9 %  

We note that  for  the p a r a m e t e r  a t = 3/4 at  the edge of the body, we obtain conditions for  mode ra t e  i n t e r ac -  
tion [5]. 

2. To solve the s y s t e m  of equations (1.7), it is convenient  to introduce the new v a r i a b l e s  [6], independ- 
ent of the unknown functions 

? (1 --  z*~) ~ - ~  (2.1)  

In addition, we mus t  t r a n s f o r m  the components  of the ve loc i ty  vec to r  in the boundary  l aye r  

f !'r t) (1 -- :*9 2~'-1 v* 
~'o : - ~'*, :'~ : ] /  .~22~---~ ( 2 ~ - ~  ~*" (2.2) 

Substituting Eqs.  (2.1) and (2.2) into the s y s t e m  of equations (1.7), we obtain 
I" ] \ 2(Z- l ." 

A W -  ~ on = o n V "  o~, / . ~? ( g * - - u * 2  2 ] . ~ ,  

(2.3) 
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{' ~ I. ~ 2Ct-1 

, ~ " . dp* 

t2cz- 1 p * 2  

-~-t =- - g ; T = - g ~  " 'v ~ o~ ~, 

( ' )( ( ] ( ( " ] "q i -- t ~--~ 2 -- t ~'~-x t owe ~ ' 2(1-~) , 2 . k ' - ~ -  -~- Z~ I - -  t 2g-1 ~ 2 2 - -  t 2,~.-1 ] 0to ~ 2r ] 0U* 
" on J ~_~,__ , ~ j L--g/---:" So t - - t  ] - - ~ j  

t 2(z-I  p ,  t 2r p* 
r 1 x 2~-I 

2 , o-q' 

I ( 'If i ' " -  
2 2 - - t  , e - a ]  

A =  w o + z o u *  t - - t ~ a - a  ~ 2 ] , - ( 2 . 3 )  
t 2C~-I p ,  

( ' ) (  ( [ ( 1 ) ]  - 
2 t ~ZoU* q 2(2r P* .. _ , B = v 1 - -  wo -Jr- zou*  t - -  t ~-~'~-1 ~1 t - -  t .,.a-~ ",-.~--1 t 2 - -  t ",.~-i 

p * t  2 ~ - t  

1~ T ~ ( ~ *  --Zl* 2 __ //I~) ':*-I, 

y 2r162 --------~ i . g* - -  u*2 - -  w~) aq, 
0 

p ,  7_~1 I s ' - '  ' 1 "~ ' - ' [3  ~'~1~-1 [ ~-~---Li') -I- 2~., (1 - -  t ~'-~T-1 ) ] + 7. A ~ - - - -  - - ~ l t ~ : Y ( 2 - - t  ~ - 1 ,  t - ~ t  \ 2 - - t  

t 2s : - :  

w h e r e  t he  p a r a m e t e r  a = ~I for a i -< 3/4, and ~ = 3/4 for a 1 _~ 3/4. The boundary conditions have the form 

U * = W  o = 0 ,  v l l ~ =  ~--1__t 2 - - t c ~ - i  p'F* 
7 2~--  t 2 , p* ' 

g*  = gw (~1 = 0),. u*  ~ i ,  w o --~ 0. ?* --~ 1 (~1 --~ ~) .  

The  s y s t e m  of  b o u n d a r y - l a y e r  e q u a t i o n s ,  a l l o w i n g  fo r  the  v i s c o u s  i n t e r a c t i o n ,  o f  Eq.  (2.3),  w a s  s o l v e d  
, 1/201 i by a relaxation method [7]. Depending on the sign of the coefficient [w 0 + z0u (I -t - )], which determines 

the direction of the parabolic nature of Eq. (2.3), we used right-hand or left-hand derivatives with respect to 

the coordinate t. 

To solve the system of equations {2.3), besides the boundary conditions at 7/= 0 and ~o, we need con- 
ditions on the leading edges of the wing. Taking into account that in the vicinity of the edge t = 0, for the dis- 

placement thickness we have an expansion Ae(t) = Aek t~/~" +... [5], we can obtain an expression for the 

pressure 

= =- ~ (2a - -  1) 7 h ~ t  ~(2~-1) (2.4) 

S u b s t i t u t i n g  Eq.  (2.4) and  d p * / d t l t - ~ 0  into the  s y s t e m  of  equa t i ons  (2.3), and going  to  t he  l i m i t  t -* 0, for  the  
f low a r o u n d  the  l e a d i n g  edge  o f  t h e  wing  w e  ob t a in  a s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  e qua t i ons ,  wh ich  was  
s o l v e d  by  t r i a l  and e r r o r .  It shou ld  b e  no ted  tha t  n e a r  the  l e a d i n g  edge  t h e  c o e f f i c i e n t  [w 0 + z0u*(1 - 

t l /2cr-1)] ,  which  d e t e r m i n e s  t he  d i r e c t i o n  of  t he  p a r a b o l i c  f e a t u r e ,  i s  p o s i t i v e  for  a l l  v a l u e s  of  7,  and  the f low 
in t he  b o u n d a r y  l a y e r  i s  d i r e c t e d  f r o m  the  l e a d i n g  edge  to  t h e  wing  a x i s .  

In  t he  p r e s e n t  p a p e r  we  c o n s i d e r  s y m m e t r i c  f low o v e r  a wing,  and t h e r e  i s  t h e r e f o r e  no need  to  c a l c u l a t e  
f r o m  one l e a d i n g  edge  o f  t h e  wing  to  t he  o t h e r ,  and  i t  i s  enough to s o l v e  t he  s y s t e m  of  equa t ions  f r o m  the  edge  
to  t h e  wing  p l a n e  of  s y m m e t r y  (t = 1) w h e r e  the  s i n k  l ine  o c c u r s  in t h i s  p r o b l e m .  
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To simplify the computations we assumed  a l inear  dependence of v iscos i ty  on t empera tu re  ,~ = 1, and 
also ~, -- 1.4, ~ = 0.71.  The investigations of the influence of m a s s  t r ans fe r  on the boundary layer  c h a r a c t e r -  
is t ics c a r r i ed  out on a body with a sweepback angle of 4 5  ~ ( z  0 = 1 ) ,  a n d  a p a r a m e t e r  governing the leading 
edge shape of a t = 3/4.  The body sur face  t empera tu re  was assumed to be constant,  gw = 0.5, and the in te r -  
action p a r a m e t e r ,  descr ibing the rat io of the boundary l ayer  displacement  thickness to the wing thickness,  

X = I .  

Figure  2 shows the resu l t s  of calculating the boundary l ayer  displacement  thickness ~e  and the p r e s -  
sure  p* for constant  values over  the wing span of the function v i I w = 0.2; 0; - 0 .5 ;  - 1  (curves 1-4,  r e s p e c -  

t ively).  The negative values of v l ] w co r r e spond to  suction of the boundary layer  throughthe  wing surface ,  andpos i -  

tive values co r re spond  to blowing. Suction of the boundary layer ,  as one would expect, leads to an appreciable 
reduction in the boundary l ayer  displacement  thickness,  which, in turn, leads to a reduced p re s su re .  It is 
important  to note that the p r e s s u r e  not only becomes  less  in magnitude, but also that the posit ive p r e s s u r e  
gradient  nea r  the wing s y m m e t r y  plane is considerably  reduced.  Fo r  the value v i I w = - 1  it p rac t ica l ly  

becomes  equal to zero .  Numer ica l  calculat ions have shown that with no m a s s  t r ans fe r  in the boundary layer  
nea r  the plane of s y m m e t r y  there  a re  r e v e r s e  t r a n s v e r s e  flows which decrease  with increase  of the degree 
of suction, and vanish complete ly  for v t ]w = - 1 .  But when there  is blowing through the body surface,  as can 

be seen f rom Fig. 2, near  the s y m m e t r y  plane the re  is an increase ,  both in the displacement  thickness and in 
the p r e s s u r e .  The resul t s  of calculating the frict ion s t r e s s e s  in the longitudinal r u = 8u*/8~ I w and t r a n s -  

ve r se  ~'w = aw0/877 ]w direct ions,  and also the heat flux l"g = 8g*/a~ I w for a wing with var iable  blowing over  

the wing span a re  given in Figs.  3 and 4. 

The a r e a s  in which there  is blowing of gas through the sur face  with v i I w = 0.1 c o r r e s p o n d t o t h e  shaded 

par t s  of the curves .  As can be seen from Fig. 3, var iable  blowing has an appreciable  influence on the f r i c -  
tion s t r e s s  values 7u and the heat flux ~g, even at quite large distance f rom the point at which blowing be- 
gins, denoted by the ve r t i ca l  l ines.  Fo r  example, with blowing gas and v 11 w = 0.1 in the region 0.4 --< t -< 1 

this influence appears  up to values t = 0.31. Thus, the per turbat ion f rom blowing is propagated up the t r a n s -  
v e r s e  flow to a distance At = 0.09. It is interest ing to note that the length of this per turbed zone is pract ica l ly  
independent of the coordinate where blowing begins (t = 0.4; 0.8). The influence of blowing on the friction 
s t r e s s  in the t r a n s v e r s e  direct ion v w (Fig. 4) is quite weak, and the blowing leads to a reduced value of Vw, 
which, apparently,  is due to the inc rease  in the boundary layer  displacement  th ickness .  

The resul t s  of investigating the influence of var iable  gas suction through the body surface  on the bound- 
a ry  layer  cha rac t e r i s t i c s  a re  shown in Figs.  5 and 6. The distr ibution of fr ict ion s t r e s s  in the lon~tudinal  
direct ion ~'u = Ou*/0~]w over  the wing span with suction present  is shown in Fig. 5. Areas  in which there  is 

suction of gas through the sur face  with values v 11 w = 0.1 c o r r e s p o n d t o t h e b r o k e n p a r t s o f t h e  curve.  In the  ca l -  

culations the a r e a s  with gas suction s ta r t  at the point t = 0; 0.2; 0.4; 0.8. As in the blowing case,  the p r e s -  
ence of var iable  suction has an appreciable  influence on the cha rac t e r i s t i c s  of flow in the boundary layer ,  at 
a considerable  distance from the point where blowing s ta r t s .  Suction of the gas with values v 11 w = - 1  in the 

region 0.4 -< t ~ 1 begins to affect  the functions ~'u and rg at the point t = 0.28, and, therefore ,  the pe r t u r -  
bations are  propagated up the t r a n s v e r s e  flow to a distance At = 0.12. It should be noted that there  is a sharp 
increase  in the heat fluxes and the fr ict ion s t r e s s e s  in the longitudinal direct ion near  the beginning of the gas 
suction region.  F igure  6 shows the resu l t s  of calculated frict ion s t r e s se s  in the t r a n s v e r s e  direct ion over  
the wing span Vw = 8w0/a~ Iw. Near  the beginning of the suction region there  is an appreciable increase  in the 
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fr ict ion s t r e s s  ~w. With suction of gas through the surface  in the region 0.4 -< t -< 1 the values of 0.3 -~ t -~ 
0.47 inc rease  by m o r e  than a factor  of ~w. The increase  in veloci ty of the t r ansve r se  flow in the vicinity at  
which gas suction begins is explained by the fact  that there  is a change in the distribution of the boundary 
l ayer  displacement  thickness,  and there  is an inc rease  i n t h e  p r e s s u r e  gradient in the t r ansve r se  direction~ 
It  should be noted that when gas suction is p resen t  with values v 11 w -- - 1 we have flow with a smooth inflow 

to the wing s y m m e t r y  plane and no r e v e r s e  flow regions are  formed.  
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